The anomalous surface states of symmetry protected topological (SPT) phases are usually thought to be only possible in conjunction with the higher dimensional topological bulk. However, it has recently been realized that a class of anomalous SPT surface states can be realized in the same dimension if symmetries are allowed to act in a nonlocal fashion. An example is the particle-hole symmetric half filled Landau level, which effectively realizes the anomalous surface state of a 3D chiral Topological Insulator (class AIII). A dual description in terms of Dirac composite fermions has also been discussed. Here we explore generalizations of these constructions to multicomponent quantum Hall states. Our results include a duality mapping of the bilayer case to composite bosons with Kramers degeneracy and the possibility of a particle hole symmetric integer quantum Hall state when the number of components is a multiple of eight. Next, we make a further extension by half filling other classes of topological bands and imposing particle hole symmetry. When applied to time-reversal invariant topological insulators we realize a different chiral class (CII) topological surface state. Notably, half-filling a 3D TI band allows for the realization of the surface of the otherwise inaccessible 4D topological insulator, which supports an anomalous 3D Dirac cone. Surface topological orders equivalent to the 3D Dirac cone (from the global anomaly standpoint) are constructed and connections to Witten's SU(2) anomaly are made. These observations may also be useful for numerical simulations of topological surface states and of Dirac fermions without fermion doubling.
The D dimensional surface of a D + 1 dimensional symmetry protected topological phase (SPT), exhibits an anomalous implementation of symmetry that is not allowed in purely D dimensional local system with the same symmetry. As an example, the surface of a 3D topological insulator hosts a single Dirac cone, which cannot arXiv:1609.08618v1 [cond-mat.str-el] 27 Sep 2016 occur in a local 2D system without breaking time-reversal (T ), or particle-hole symmetry (S) -a well known example of a fermion doubling theorem.
A previously unnoticed loophole to this rule was recently discovered in the context of the half-filled Landau level (LL). [1] [2] [3] [4] Namely, in the restricted Hilbert space of the lowest Landau level of 2D electrons, with one electron for every two lowest LL orbitals (half-filling), there is a symmetry between describing many-body states as halffilled with particles or half-empty (half-filled with holes). However, unlike ordinary symmetries, which act locally, the particle-hole symmetry (PHS) is defined only in the restricted sub-space of the lowest LL. Since the LL has a non-zero Chern number, one cannot construct a complete, localized basis of orbitals in the lowest LL. Instead, at least one of the orbitals must be extended across the full sample. Hence, the PHS acting in the lowest LL is inherently non-local, and as a result, can evade certain limitations of local symmetries [5] . The strange, non-local nature of the PHS can be alleviated by formally embedding the half-filled LL in the zeroth LL of a massless Dirac electron found at the surface of a chiral topological insulator (class AIII [6, 7] ) where the non-local nature of the symmetry is reproduced by the anomalous properties of the TI bulk, so that the symmetry acts locally on the TI surface states. The theoretical power of this description is enhanced by a dual description of the chiral TI surface in terms of composite fermionic vortices filling a dual Dirac cone [1] [2] [3] [4] 8] , which is related to a variety of other particle-vortex dualities [9, 10] . This dual description enables non-perturbative insights into the possible strongly correlated phases of the half-filled LL.
In this paper, we ask whether other (D + 1)-spatialdimensional SPT surface states can be realized in one lower dimension at the expense of having a non-local action of symmetry, by half-filling various types of Ddimensional flat-bands with non-trivial topology. Our motivation is two-fold. First, topological flat bands are naturally realized in various physical contexts (e.g. 2D electrons in a strong magnetic field), where they exhibit an approximate particle-hole symmetry. The perspective of a higher dimensional SPT surface state, and dual descriptions (for special cases) in terms of composite particles in zero field, allows one to use physical insight from traditional approximation schemes, and non-perturbative results from topological quantum field theory developed in the study of SPT surfaces, in order to understand possible phases of the lower dimensional system. A second motivation, is that the interdimensional correspondence allows one to numerically simulate the anomalous surface of a higher dimensional SPT phase, without the computational overhead of also simulating bulk degrees of freedom -thereby avoiding certain fermion doubling issues.
We begin by examining the half-filled lowest LLs of bilayer quantum Hall systems, such as spin polarized graphene in a magnetic field at neutrality, or GaAs double wells at half-filling in a strong magnetic field. We show that these half-filled bilayers realize the surface state of a 3D chiral TI with two surface Dirac cones (protected by S symmetry, i.e. in class AIII). Unlike the helical time-reversal symmetry protected TI (class AII) familiar from Bi 2 Se 3 and related materials [11] for which an even number of surface Dirac cones would be topologically trivial, the double-Dirac cone surface state of the chiral TI is anomalous and cannot be realized in a local 2D system. We further show that the half-filled bilayer permits a dual description in terms of composite bosons, and analyze possible correlated phases of this system from this dual perspective. Namely, we show that it is possible for the half-filled bilayer to preserve the nonlocal S symmetry by forming an Abelian quantum Hall state with Z 4 topological order, which has an anomalous realization of S symmetry.
Next we generalize this construction to arbitrary number of layers. For example, the half-filled quadruple layer quantum-Hall system (or bilayer graphene in a strong field at charge neutrality), corresponds to a non-trivial chiral TI surface with four Dirac cones, from which we may identify new candidate phases including an Abelian quantum Hall state with Z 2 topological order, and a gapless phase when enriched by an enlarged SO(5) × S symmetry [12] [13] [14] [15] [16] . We further find that strong interactions can drive the half-filled octuple layer quantum-Hall system into a non-fractionalized integer quantum Hall state, without breaking the non-local S symmetry.
Subsequently, we formulate a general criterion for whether half-filled D-dimensional topological flat band corresponds to a D+1-dimensional SPT surface state. Using this criterion, we find an example beyond the halffilled multicomponent LLs: namely, a half-filled timereversal symmetric topological insulator (class AII) band in 2D or 3D respectively realizes the surface state of a 3D or 4D TI with separate time-reversal, T , and particlehole symmetry, S, (class CII). The latter 3D flat-band case is significant in that it allows access to an otherwise inaccessible anomalous surface state. The anomaly of this surface state is a close relative of Witten's wellknown SU (2) anomaly [17] . We construct explicit models that realize such a topological flat band, derive a composite boson dual description of the 2D case, and analyze possible strongly correlated phases for both the 2D and 3D systems from the point of view of the higher dimensional topological insulator surface states.
II. HALF-FILLED MULTILAYER QUANTUM HALL SYSTEMS
We begin by examining N-layer 2D electrons with nonrelativistic dispersion in a external magnetic field that is sufficiently strong in order that the inter-LL gaps greatly exceed the interaction energy scale, and with particle density equal to half of the total number of orbitals in the lowest-Landau levels of the multilayer system (halffilling). In the limit of very large B-field, we may re- strict ourselves to the orbitals of the lowest LL, in which case the 2D multilayer lowest LL Hilbert space is identical to that arising in the zeroth-Landau levels of N-Dirac fermions at the surface of a chiral TI (symmetry U (1)×S, class AIII) in a strong magnetic field ( Fig. 1 ).
In the absence of a magnetic field, the surface Dirac cones of the corresponding N-component class AIII TI have a Hamiltonian of the form:
where a is a flavor label ranging from 1 to N , each ψ a is a two-component 2D Dirac fermion, σ are Pauli matrices operating in the psuedospin space of each Dirac flavor. This surface state is protected by an anti-unitary particle hole symmetry, S = CT which can be viewed as the combination of time-reversal, T and unitary particle hole conjugation C. Namely, the particle-hole symmetry acts like:
where K indicates global complex conjugation, which forbids all fermion bilinear mass terms: a,b ψ † a σ y m ab ψ b . An external magnetic field, described by substituting p → p − A with ∇ × A = B( r)ẑ, preserves the S = CT symmetry, since B is flipped by each of C and T . Hence, the full spectrum of the Dirac Landau levels of the AIII surface is S symmetric. However, in the corresponding non-relativistic 2D system, only the lowest LL obeys S symmetry. Since the orbitals of the lowest LL are not all localized, the symmetry that interchanges these orbitals being occupied or unoccupied is similarly non-local. As explained above, this non-locality enables the purely 2D system to realize the physics of an anomalous higher dimensional TI.
A second beneficial aspect of this relation is that, formulating a manifestly S invariant description of the purely 2D flat-band requires working within a non-locally constrained Hilbert space (projected into the lowest Landau level), presenting daunting theoretical challenges. While it may be possible to construct an explicitly lowest LL projected theory of the half-filled LL of fermions (e.g. following related approaches for bosonic particles at filling fraction one [18, 19] ), successfully implementing such a program remains an outstanding challenge. Moreover, even if successful, the analysis of such an explicitly lowest LL projected description is likely to be complex and involved [19] , and extracting the physical properties of such a state can be challenging (however, see Refs. [20, 21] for recent attempts). Instead, viewing the half-filled LL from the perspective of a higherdimensional TI surface, in which S symmetry is locally implemented, allows one to use familiar field theoretic tools and apply substantial physical intuition built from ones understanding of simpler systems, to identify possible phases for the half-filled LL and compute their properties in a manifestly S invariant manner. This latter advantage is substantially enhanced by the discovery of dual descriptions that allow one to trade strong magnetic field for finite density of dual vortex objects [1] [2] [3] [4] 8] -allowing dual description in terms of particles in zero net field, skirting the thorny problem of contending with the non-commuting geometric structure of the lowest LL.
A. Half-filled single layer (N = 1)
We begin by reviewing the single-component case, which was previously studied in Refs. [1] [2] [3] [4] 8] . A singlecomponent Landau level at half filling, in the strong field limit such that inter LL mixing is negligible, corresponds precisely to the zeroth Landau level of the single-Dirac cone surface state of a chiral TI in a magnetic field. Since the Hilbert spaces of these two problems coincide precisely, on the face of it, analyzing either partially filled dispersionless band is equally hard. However, the 3D TI surface theory permits a non-perturbative dual description in terms of neutral composite fermion vortices. From this dual perspective, one can identify new natural candidate phases that manifestly preserve the non-local S symmetry of the half-filled LL, which are difficult to obtain directly in the original electron language, and hence had previously escaped attention.
Dual composite fermion description
We briefly review the dual description of the AIII surface state in terms of 4π flux carrying fermionic vortices. This duality is explained in detail in Refs. [1] [2] [3] [4] 8] . One way to derive the dual description is to first consider coupling the electrons in the bulk of the 3D chiral TI to a compact fluctuating electromagnetic gauge field, A µ ( r, t) [3, 22] . The electromagnetic duality of the resulting bulk U (1) gauge theory has, via the bulk-boundary correspondence of topological phases, a corresponding surface duality between charge and flux-like excitations of the surface.
Namely, integrating out the gapped bulk electron excitations of the chiral TI produces a magneto-electric term at θ = π in the bulk action for the gauge field, which (written in Euclidean space-time) reads:
Consequently, the unit-strength monopoles (i.e. with S B · d a = 2π for any surface, S, surrounding the monopole), accumulate half of an electrons worth of polarization charge inside the AIII TI, i.e are dyons with electric and magnetic charge (q e , q m ) = (± 1 2 , 1). Since the polarization charge does not alter the exchange statistics, these (1/2, 1) dyons are bosonic particles. The minimal electrically neutral magnetic excitation can be obtained by binding two (1/2, 1) dyons to form a (1, 2) bosonic dyon, and then binding an electron to this composite particle to form a neutral (0, 2) double-monopole. The act of binding the extra fermion, required to neutralize the polarization charge from θ = π, alters the statistics of the (0, 2) particle to be fermionic.
This magnetically charged fermion is a gapped excitation that is in a non-trivial helical (class AII) topological insulator band (the same class as the usual 3D electronic topological insulator realized in Bi 2 Se 3 ). To see this, first note that while S symmetry flips the electric charge, it preserves the magnetic charge. Hence, the symmetry group for the dual (0, 2) fermions is U (1) m S (where U (1) m refers to the magnetic charge conservation of the U (1) gauge theory), i.e. S acts like ordinary timereversal on the dual magnetic fermions, so that the dual fermions are in class AII. To see that the dual fermions form a non-trivial AII state, note that the (0, 2) fermion with magnetic charge q m = 2, sees a q e -electric charge as a point-like source of 4πq e flux. I.e. a half-electric charge, q e = 1/2 is seen as a strength-one "monopole" for the q m = 2 fermion. Since the q e = 1/2 excitations have unit magnetic charge (i.e. half of the magnetic charge of the dual fermion with q m = 2), the q m = 2 fermions also exhibit a topological magneto-electric effect corresponding at effective θ = π, the hallmark of a topological insulator state. [11] Moreover, since the AII topological insulator requires that the dual fermions transform like Kramers doublets under S symmetry, the (0, 2) fermionic double monopole has S 2 = −1 (see Ref. [23, 24] for more details). This bulk duality has been more formally justified in Ref. [25] by studying the partition function of the theory on non-trivial manifolds.
Due to the surface-bulk correspondence of topological phases, the bulk electric and magnetic excitations of this U (1) gauge theory also have corresponding surface excitations with the same electric and magnetic charge and statistics, which can be created by dragging the bulk excitation across the surface into surrounding vacuum. One can formally confine the bulk monopoles to go back to the un-gauged AIII topological insulator without confining their surface avatars [3] . These thought experiments reveal that the surface state of the AIII topological insulator permits a dual description in terms of neutral 4π-vortex-like fermion excitations (corresponding to the bulk (0, 2) dual fermion of the now-confined bulk gauge theory) that couple to a fluctuating U (1) gauge field living only within the surface. Just as for the (0, 2) double-monopoles of the bulk gauge theory, S acts on the dual surface fermions as ordinary time-reversal. Such a dual fermion surface theory is described by a simple Lagrangian
where the dual Dirac composite fermion ψ cf couples to a dynamical gauge field a µ , with a chemical potential µ adjusted so that the composite fermion density [26] equals to B/4π, and we have introduced the short-hand notation adA ≡ µνλ a µ ∂ ν A λ . More formal aspects of the duality, both on the surface and in the bulk, are discussed in Ref. [27, 28] .
One can also readily verify that all of the anomalous states of the AIII surface can be achieved in the dual picture, such as the S-breaking quantum Hall insulator [1] [2] [3] [4] . Explicit derivations of the duality have also been obtained in certain spatially anisotropic coupled-wire constructions [8] .
Candidate phases for the half-filled LL
From the perspective of this 3D chiral TI surface, we can envision various possible phases for the half-filled LL. A conceptually simple possibility is that the interactions could spontaneously generate a S-breaking mass, resulting in a quantum Hall ferromagnet (QHFM) with Hall conductance either σ xy = 0, 1 (or, at fixed filling, phase separated domains of each). Domain walls in this QHFM would then carry chiral fermionic modes corresponding to the edge of a ν = 1 integer QH state.
Empirically, however, the half-filled lowest LL of GaAs seems to realize a gapless composite Fermi liquid (CFL) phase, which can be roughly viewed as a quantum disordered QHFM in which the gapless domain walls are proliferated. [8, 29] Numerical simulations [30, 31] suggest that the CFL preserves S-symmetry. A description of the CFL phase can be obtained [1] [2] [3] [4] through the duality (4) reviewed in the previous section: the CFL possesses a Fermi-surface of double-vortices ψ cf of the electronic fluid. The crucial difference between the composite fermions viewed as vortices, compared to those originally obtained by flux attachment via a singular gauge transformation [32] , is that S symmetry is manifestly preserved in this description. The resulting physical difference is that the composite fermions are neutral particles with an electric dipole moment that transforms under S symmetry as a spin-1/2 degree of freedom does under time-reversal symmetry. In particular, in the presence of S symmetry, this dipolar psuedospin is polarized perpendicular to the composite-fermion momentum, giving rise to a quantized Berry phase of π around the composite Fermi surface. This predicted Berry phase manifests itself in transport experiments via the quantization of electrical Hall conductance [1] and in an anomalous Nernst effect [33] .
In addition, the TI surface perspective suggests other possible S-preserving quantum-Hall states with σ xy = 1/2 that might be potentially realized for the right combination of interaction potentials. For example, the single Dirac cone surface state of the 3D chiral TI corresponding to the half-filled LLL can exhibit a fully gapped S preserving state with intrinsic topological order. One such symmetry preserving surface topological order, dubbed the CT-Pfaffian state, has been constructed in lattice models [34] . The CT-Pfaffian state has non-Abelian topological order, with Ising (Majorana)-like non-Abelian excitations. However, unlike the Pfaffian state proposed by Moore and Read for the ν = 5/2 plateau, this CTPfaffian preserves S symmetry, and in fact the S symmetry acts in an anomalous manner on the topological excitations. While small-scale numerical simulations suggest that the ν = 5/2 2DEG with Coulomb interactions prefers to spontaneously break the underlying S symmetry, it was recently proposed that impurities and other effects could possible stabilize the alternative CT-Pfaffian order in experimental systems. [35] B. Half-filled bilayer (N = 2)
Having reviewed the previously studied case of a singlecomponent half-filled Landau level (LL), we now turn to half-filled LLs in systems with two flavors of fermions. One physical example is a GaAs bilayer quantum well subjected to a magnetic field such that each layer is at half-filling [36] [37] [38] . Another natural two-component quantum Hall system is single layer graphene subjected to a sufficiently strong magnetic field to spin-polarize the electrons, and with chemical potential tuned such that the dominant-spin LLs are half-filled [39] . Projecting into the lowest LLs, this system also has a non-local S symmetry that interchanges the states with all lowest LL orbitals full and empty respectively. Applying S changes the Hall conductance from S :
) leaving σ xy = 1 invariant. Just as for the N = 1 case described above, this LL projected Hilbert space with non-local symmetry is precisely the same as the zeroth LLs of the surface of a 3D chiral TI (class AIII) with two surface Dirac cones, where, in the 3D system, the S symmetry extends to the full Dirac spectrum and acts locally.
We will find a dual description in terms of composite boson vortices, that have a Kramers degeneracy enforced by S. Before diving into a detailed description of the duality, let us anticipate this result using the following physical arguments. Let the two species of the N = 2 system be labeled c, d. Note, we do not require that the relative species number is conserved, just that we have a particle hole symmetry, S that transforms the fermion operators
} and transforms the vacuum into the fully filled state |0
Clearly we have as many fermions as flux quanta (half filled Landau levels with N=2) so that we may obtain a description of particles in zero average field by "binding" a single unit of flux to each electron, resulting in composite bosonic object. Due to the Hall conductance, the extra flux quantum will suck in a unit of charge that cancels the electron charge, resulting in an overall charge neutral composite boson. It remains to show that the composite bosons are Kramers doublets -which implies that whenever there are an odd number of flux quanta, states must appear is doubly degenerate pairs. This is readily seen for the simplest case of a single flux quantum N φ = 1. The two possible states are |1 = c † |0 , and |2 = d † |0 . Now under particle hole symmetry we have c
The negative sign simply appears from anticommutation of the fermion fields and implies S 2 = −1 acting on the composite bosons leading to the Kramers structure. A similar argument was used to discuss Kramers structure of composite fermions in [31] and will appear below establishing the quantum numbers of monopoles.
Dual composite boson description
The single layer conveniently thought of as a chiral (class AIII) TI surface had a dual description in terms of neutral composite fermions, that are 4π-vortices with Kramers doublet structure under particle-hole symmetry, S 2 = −1. These composite fermions form the surface state of a helical (class AII) topological insulator coupled to an emergent U (1) gauge field. Can we obtain a similar dual composite particle picture of the half filled bilayer?
For the single layer, the dual description was obtained by examining the surface consequences of bulk electromagnetic duality in the N = 1 chiral (class AIII) topological insulator. Let us employ the same tactic for the bilayer. We start by by gauging the U (1) symmetry in the bulk of the N = 2 3D chiral TI. The symmetry and topological properties of the resulting U (1) gauge theory were derived in [22] , and here we briefly review these results. The key question to address is: what are the symmetry and statistics of the neutral monopole, which will be the bulk prototype for the dual composite particle.
To compute the properties of monopoles in the N = 2 state, it is useful to start in the limit of zero chargecoupling so that the surface consists of two free Dirac cones. Next, introducing a strength-one monopole in the bulk induces two fermionic zero modes, Ψ 1,2 , (one for each Dirac node), which can each be either occupied or empty, corresponding to ±1/2 charge respectively. Denote the possible states of the vacuum plus monopole configuration with zero-mode occupation numbers n 1,2 = {0, 1} by:
|0, 0 . These states respectively have electric charge q e = i=1,2 (n i − 1/2) ∈ {0, ±1}. The neutral, q e = 0, sector contains two states,
i , these two neutral monopole states are interchanged by S, and therefore are forced by symmetry to have the same energy. Moreover, these two states transform under S like a Kramers doublet: S |1, 0 |0, 1 = |0, 1 −|1, 0 (to see this, one can simply choose a gauge in which S : |0, 0 → |1, 1 , and S : Ψ i → Ψ † i , the result being independent of gauge choice).
All of the |n 1 , n 2 states are bosons. This can be seen by starting with a unit magnetic monopole in a vacuum with θ = 0, and turning up θ to 2π to obtain the AIII TI (this can be done while preserving the bulk gap by breaking S at intermediate stages where 0 < θ < 2π, which will not affect the monopole statistics). Turning on θ = 2π produces a magnetoelectric polarization giving the monopole unit electric charge, resulting in a dyon with electric and magnetic charge (q e , q m ) = (1, 1) corresponding to the state |1, 1 described above. Since the polarization charge cannot alter the exchange statistics of this particle, the (1, 1) dyon remains a boson. Moreover, binding an electron to screen away its charge and obtain a neutral (0, 1) monopole does not change its bosonic statistics, since the fermion statistics of the added charge is cancelled by the mutual statistics between the electron and the (1,1) dyon.
Assembling these observations, we see that the neutral monopoles are bosonic Kramers doublets under S symmetry, having S 2 = −1. Like the N = 1 case, S acts on the magnetic charges like time-reversal rather than particle-hole symmetry (i.e. is anitunitary and does not flip the magnetic charge). Thus, the (0, 1) bosonic monopoles have symmetry group U (1) m S, i.e. are in class AII. Moreover, if we view the (0, 1) bosonic monopole as the "charge" of the theory, its dual "monopole", with (q e , q m ) = (1, 0), is a fermion (the original electron). The fermionic nature of (1, 0) implies that the (0, 1) boson monopoles are in a non-trivial SPT phase protected by U (1) m S symmetry. Indeed, the statistical transmutation of a monopole from fermion to boson, dubbed the "statistical Witten effect", is the hallmark of a bosonic topological insulator phase protected by U (1) m S, which has dual θ-angle 2π. [29, 40] Then, repeating the arguments of [3] , from the bulk electromagnetic duality, and the bulk-boundary correspondence, we see that the N = 2 AIII surface state, has a dual description in terms of neutral, bosonic 2π-vortices that are Kramers doublets under S, couple to an emergent electromagnetic gauge field, and form the anomalous surface state of a bosonic TI with bulk θ = 2π. Comparing to the N = 1 case, we see that apart from the obvious difference in statistics, the composite bosons of the N = 2 surface carry half of the flux compared to composite fermions for the N = 1 case.
Hence, the half-filled bilayer can be described by the dual composite boson effective action:
where L bTI [a] describes the anomalous surface state of the 3D boson TI with bulk θ = 2π, coupled to the emergent gauge field, a. The flux, ∇× a 2π corresponds to the electron density, and the second term captures the minimal coupling of the electron current and the external gauge field, A. Finally, the last term appears due to the unconventional non-local action of S symmetry, under which L → L + 2 AdA 4π , where L represents the ordinary transformation by the local part of S, and the extra Hall conductance term appears due to the non-local action of exchanging full and empty Landau levels. In the following sections, we will analyze various possible boson TI surface states for L bTI , and analyze the corresponding states of the half-filled bilayer.
Quantum Hall "ferromagnet"
Since the composite bosons are placed at finite density due to the applied magnetic field, the conceptually simplest possibility is that they can condense to form a superfluid. Any such condensate of unit gauge charge breaks the S symmetry, due to the Kramers structure of the composite bosons. Additionally, the condensate will produce a Higgs mass for the emergent gauge field a, resulting in a trivially confined phase with no fractional excitations. In the half-filled bilayer context, this condensate does not introduce any extra physical Hall conductance, and hence results in a trivial insulator with Hall conductance σ xy = 1. In terms of the original electrons, this state corresponds simply to a quantum Hall "ferromagnet", i.e. an inter-layer coherent state in which the electrons fill half of the orbitals of the lowest LLs to form a trivial Hall insulator with broken S. Such an interlayer coherent Hall insulator state may happen spontaneously due to repulsive inter-particle interactions that lead to effective attraction in the exchange channel, favoring spontaneous orbital polarization -a quantum Hall "ferromagnet" in which half of the available orbitals are spontaneously filled, and the other half remain empty, resulting in a non-fractionalized quantum Hall insulator σ xy = 1.
[41] The remaining piece of the puzzle to confirm this correspondence, is to understand how the gapped electron excitations of the quantum Hall ferromagnet appear in the dual composite boson description. To see this, we will closely parallel the analysis of [29] for gauge-neutral bosons at the surface of a helical bosonic SPT, but incorporating the effects of a fluctuating U (1) gauge field relevant to the composite boson system dual to the halffilled bilayer. Since the composite boson fields, b a , form Kramers doublets under S symmetry, they have at minimum two components, which we will denote by pseu-dospin labels a ∈ {↑, ↓}. We will work in the limit of an enlarged symmetry, where these pseudo-spin species are separately conserved, and later (if necessary) address the consequences of breaking this separate spin and charge conservation down to just a single U (1). The charge-1 superconductor corresponds to a condensate of b a = ρ 0 e iθa . They key property which arises due to the system being a helical SPT surface state, and which distinguishes it from that of a conventional superfluid, is that the vortex in b ↑ condensate carries half a unit of gauge charge of the ↓ species. [29] There are, thus, four species of vortex excitations ψ ±,a , two for each spin species a, which carry ±1/2 spin-charge of the opposite spin-boson. As in any dual description of a superfluid, the vortex fields are non-local objects, and have long range interactions that can be viewed as being mediated by gauge fields α ↑,↓ , whose magnetic flux corresponds to the boson densities: j µ ba = 1 2π dα a . Following [29] , we can write an effective field theory in terms of either pair of vortex fields: ψ ±,↑ or ψ ±,↓ ; here we choose to work with ψ ±,↓ :
In this description, the vortices ψ ±,↓ can be viewed as fractions of
, and the density of b ↓ is the given by
This easy-plane CP 1 theory is self-dual [12, 42] , and the S symmetry, which exchanges b ↑ and b ↓ , acts as a duality transformation. To make this more precise, let us assume that the easy-plane CP 1 theory in Eq. (6) does have a continuous critical point. A naive anti-unitary particle-hole transform S 0 acts in Eq. 6 as
This transformation leaves everything invariant except for the mutual Chern-Simons term αda, which acquires a minus sign under S 0 . To recover the sign of this ChernSimons term, we perform a self-duality transform by transforming ψ ± to their vortices. After a few lines of algebra by integrating out trivial degrees of freedom, we obtain a Lagrangian that takes exactly the same form as Eq. (6). Thus the particle-hole symmetry S should be implemented as S 0 followed by a self-duality (particlevortex) transform. In particular, since the boson mass term m + |ψ +,↓ | 2 + m − |ψ −,↓ | 2 is invariant under S 0 but changes sign under the self-duality transform, it is odd under the combined particle-hole transform S. This implies that the simple condensate b ↓ = 0, corresponding to positive mass for both ψ ±,↓ , breaks S symmetry -consistent with the fact that S 2 = −1 on b. In Appendix A we provide another derivation of the duality between the two-flavor Dirac fermion theory and the bosonic gauge theory Eq. (6), including the nontrivial implementation of S symmetry on the bosonic side.
In the superfluid phase, both of the vortex species ψ ±,↓ are gapped. The physics of this state can be seen more clearly if we rewrite the gauge fields a ± = α ↓ ± a/2. The above Lagrangian then becomes (after ignoring gapped ψ fields at low energy):
where the last two terms come from incorporating the boson TI surface state, L bTI-SF into the full action, Eq. 5 for the half-filled bilayer. The above theory clearly describes a non-fractionalized state, with Hall conductance σ xy = 1, and gapped fermion excitations that are 2π flux of a ± .
Hence, we see that the superconductor of b is indeed the S breaking quantum Hall ferromagnet. The lowenergy collective excitations of the resulting quantum Hall ferromagnet depend on the underlying symmetries of the bilayer. The composite boson description above applies for the case in which there is no separate conservation of charge in each layer. In this case, the quantum Hall ferromagnet was fully gapped. However, in the absence of interlayer tunneling, this interlayer charge difference is conserved, and the system can be described as two independent copies of the composite Dirac liquid. Here, the quantum Hall ferromagnet may arise via spontaneous interlayer exciton condensation, resulting in a fluctuating "superfluid" mode [43, 44] , with measurable consequences such as interlayer exciton supercurrent drag effects. [45] 3. Symmetry preserving anomalous fractional quantum Hall state A more interesting possibility arises if the exchange channel interactions are frustrated, e.g. leading to strong quantum fluctuations that can disorder the quantum Hall ferromagnet leading to a S preserving state. Since this system corresponds to the surface of a 3D SPT, the resulting S preserving state can only be fully gapped if there is an accompanying topological order. The dual description in terms of gauge-charged bosons that form the surface state of a (gauged) helical boson SPT in class AII (symmetry U (1) g S ), is useful for identifying possible such gapped, symmetric quantum disordered liquids.
To explore this possibility, we first ignore the fluctuations of the emergent gauge field, a. Then, the composite boson system is identical to the surface of a bosonic TI with bulk electromagnetic θ-angle 2π [29] .This boson TI surface can exhibit a quantum disordered symmetry preserving state with Z 2 topological order, whose emergent quasiparticles include bosonic spinons (e) and visons (m) both carrying half-unit of the composite boson charge. This state can be obtained by phase dis-ordering the composite boson superconductor described in the previous section, by condensing two-fold vortices ψ +↑ ψ −↑ = ψ +↓ ψ −↓ = 0 such that S symmetry is restored [29] . The e and m particles are then remnants of the single unpaired vortices. These particles see each other as π fluxes, i.e. acquire a phase of θ e,m = (−1) upon braiding. A notable difference to the cases studied in [29] , is that due to the Kramers structure of the dual bosons in the present case, S symmetry interchanges the e and m particles.
Upon incorporating fluctuations of a, this phase is no longer gapped due to the gapless photon mode a and, in fact, corresponds to an electron pair superfluid state of chiral TI surface. To obtain a fully gapped phase without breaking S symmetry, we may pair condense the composite bosons, with b
This pair condensation has three important effects. First, a Higgs mass is produced for a, so that the state is now fully gapped and topologically ordered. Second, π-vortices v of the composite boson pair condensate emerge as a new gapped excitations. As for an ordinary superconductor of electrons, vortices are bound to π-flux of a, and hence have physical electrical charge of 1/2. Third, the condensate perfectly screens the emergent gauge charge of a, such that formerly a-charged excitations are bound to an appropriate fraction of the condensed boson pair to become charge neutral. Due to this screening a neutralized particle formerly with a-charge q obtains statistical phase of e iπq upon encircling a vortex.
Denoting the "neutralized" particle obtained from screening away the a-charge of a particle X asX, the resulting topologically ordered state has excitations: e,m,˜ =ẽ ×m,b, v n , . . . and various combinations. Thẽ e,m,˜ particles have the same self-and mutual statistics as their un-neutralized counterparts. However,ẽ,m have mutual statistics e iπ/2 with the vortex v, since they are screened by a fraction of the condensed boson pair. The resulting phase has the topological structure of a Z 4 gauge theory in whichẽ and v are respectively the unit Z 4 "charge" and "flux" excitations respectively. The theory also contains a fermion (the electron): c =b×˜ ×v 2 , that has trivial statistics with all other particles, and physical electrical charge-1 (coming from the 2π flux of a bound to the v 2 part). The anyon types, symmetry properties, and exchange statistics of this anomalous Z 4 topological order are summarized in Tables I and II. Precisely the same surface topological order can be obtained directly in the fermion language, by phase disordering the superconducting two Dirac cone surface of the N = 2 class AIII TI. [46, 47] Here, we have obtained the same result using the dual boson description to illustrate the equivalence of these two perspectives.
In the context of the half-filled bilayer quantum Hall system, this topologically ordered phase will have unit Hall conductance, as for the S-breaking quantum Hall ferromagnet described above. Despite having the same Hall conductance, this topologically ordered phase is distinct from the S-breaking quantum Hall ferromagnet in
. Symmetry properties -for symmetry preserving anomalous fractional quantum Hall state of the half-filled bilayer. Here, b is the dual composite boson which forms a Z2 topological order, and then pair condenses.ẽ,m, and˜ are respectively the charge, flux, and fermion of the Z2 topological order. v n is an n-fold vortex of the dual boson pair superconductor, and c is the local electron. θ denotes topological spin of the particles (see Table II for mutual statistics). Heading "charge" denotes physical electron charge, "S-partner" denotes the anyon type that a given anyon transforms to under particle-hole symmetry S, and S 2 is only well-defined only for anyon types that are invariant under S.
that it 1) preserves symmetry, and 2) has fractionalized anyonic excitations that carry half-charge and transform as Kramers doublets under S symmetry. Experimentally detecting these fractional charges may be challenging since there are likely no additional edge modes associated with the Z 4 order since S symmetry is broken at the boundary, thus eliminating the possibility of detecting these fractional charges through shot-noise or edge tunneling measurements. A simpler, but less direct test, would be that, at half-filling in each layer and in the absence of interlayer tunneling, the S-breaking interlayer coherent state would exhibit a Goldstone mode resulting from interlayer exciton condensation, whereas, the topological ordered state would be fully gapped. Such differences could be measured in local compressibility measurements, or by looking for the presence or absence of exciton-supercurrent drag effects when separately contacting the two layers. Actually, the above Z 4 topological order preserves the U (1) 1 × U (1) 2 symmetry associated with particle-number conservation in each of layers 1 and 2 (see Appendix B). If interlayer tunneling is also absent at the edge then the Z 4 topological order will possess a non-trivial edge structure, which is responsible for the separate layer Hall-conductances σ With these examples in hand, we may freely continue to generalize to even higher Chern numbers. Physically relevant examples with Chern bands of N = 4 include spin-polarized bilayer graphene in the zeroth LL limit, and 4-layer GaAs systems at half-filling in each layer. Table I for definitions and symmetry properties).
Generalizing the previous two examples, the half filled N = 4 case corresponds to a four-Dirac cone surface state of a 3D chiral TI. In the presence of interactions, this surface state is topologically equivalent to a bosonic SPT surface state, protected by S-reversal alone -i.e. with no anomalous action of charge conservation symmetry [34, 46, 47] . Closely related to this, the bulk magnetic monopole in this N = 4 chiral TI phase has trivial S quantum numbers, implying that the phase does not permit a dual description in terms of point-like dual composite "vortices". Nevertheless, the perspective of the higher dimensional SPT surface is useful for identifying possible phases of the half-filled quadruple layer. The simplest candidate state for this 4-Dirac cone SPT surface is a spontaneously S breaking quantum Hall ferromagnet with σ xy = 2. Another possible fate of the quantum disordered Hall ferromagnet, previously known from the chiral TI surface perspective [34, [46] [47] [48] , is that the system can form a fractionalized phase that preserves S symmetry, at the expense of developing Z 2 Abelian topological order. In this anomalous topological order the elementary Z 2 charge, e, and flux, m, excitations have integer charge but anyonic mutual statistics, and transform as Kramers doublets under the non-local S symmetry. Directly confirming this topological order by measuring the presence of anyonic excitations can in principle be done using interferometric techniques, but may be experimentally challenging. It remains an open question of how one may more realistically detect the anomalous symmetry properties of the excitations in this Z 2 topological order. A third intriguing possibility is that the system may develop some larger emergent symmetry, which protects a fluctuating gapless phase. We will examine this prospect below. Finally, we conclude the discussion of Chern bands by examining the case of Chern number eight, i.e. of the half-filled octuple-layer quantum Hall system. In the absence of interactions, this system corresponds to the surface of an chiral TI with eight surface Dirac cones. While this eight Dirac cone state has non-trivial band topology, in the presence of interactions, this 3D TI phase becomes topologically equivalent to a trivial insulator. [34, 46, 47] Hence, it is possible for interactions to fully gap out the half-filled octuple-layer quantum Hall state to result in an insulator with Hall conductance σ xy = 4, which fully preserves the non-local S symmetry. This corresponds to a quantum-disordered quantum Hall ferromagnet, which for N = 8, need not exhibit any topologically non-trivial excitations.
While the resulting state is a featureless paramagnet, this result is conceptually interesting, as it is enabled purely by strong correlation effects. Namely, without interactions, it is impossible to make a S-preserving bandinsulator out of the lowest Landau level orbital of the octuple-layer quantum Hall system at half-filling. Moreover, despite the collapse of the 3D TI invariant under interactions for N = 8, the corresponding 2D Chern bands remain non-trivial and distinct topological bands regardless of interactions effects. Hence, we find a simple example where a half-filled topological band in 2D corresponds to a trivial insulator in higher dimensions.
We note that both the featureless paramagnet in this section and the Z 2 topological order in section II C break particle number conservation in each layer, and, as a result, only preserves S which acts identically on all layers. In fact, as long as particle-number conservation in each layer is preserved, S symmetry implies that the Hall conductivity of each layer is σ xy = 1/2, so no featureless state is allowed for any number of layers N . For any N , topological order that preserves particle number conservation in each layer can be constructed, e.g. by stacking N/2 copies of N = 2 Z 4 order in appendix B. This topological order will support non-trivial edge-states necessary to maintain σ xy = 1 2 in each layer.
III. MULTICOMPONENT LANDAU LEVELS WITH LARGER SYMMETRIES
In this section, we consider half-filled multicomponent Landau level systems with additional local symmetries. We start with Abelian symmetries, such as a conserved spin-component (U (1) spin ). Next we explore how additional non-Abelian symmetries can lead to protected gapless states, previously discussed in the context of deconfined criticality. [12, 16] Examples include SU(2) orbital symmetry in a two-component, or SO(5) symmetry in four-component LL systems.
A. N = 2 with U (1) spin Above, we have considered the TI surface correspondence of half-filled multicomponent Landau levels with only charge conservation and non-local particle-hole symmetry. In the following sections, we examine the SPT surface state correspondence for 2D systems with additional continuous symmetries. One such possibility is having a half-filled quantum spin-Hall state, in which there is a conserved component of spin resulting in an additional U (1) spin symmetry, and in which opposite spinspecies have opposite filling fractions, e.g.: ν ↑ = +1/2, and ν ↓ = −1/2. Such a quantum spin Hall state at integer filling, has been achieved experimentally in twisted bilayer graphene [49] , and its half filled analog would correspond to the surface of a 3D electronic SPT phase with U (1) c × U (1) spin S, which can be viewed as two copies of N = 1 AIII TI, with opposite magnetic fields applied to the two copies. Each copy has a dual description via the composite fermion theory (4), so we get
where A ↑/↓ is the external gauge field coupling to ↑ / ↓ electrons. Note that that the two Dirac cones have opposite doping ψ † cf,↑ ψ cf,↑ = −ψ † cf,↓ ψ cf,↓ . We note also, that breaking the U (1) spin state by allowing interlayer tunnelling or pairing, in a way that preserves S-symmetry, will lead to the dual composite boson description discussed above in the absence of spin-conservation. The composite bosons have 2π flux, and can be viewed effectively as fractions of the 4π flux object ψ cf,↑ ψ cf,↓ in the spin conserving case.
B. N = 2 with SU (2)
For half-filled two component LL systems, such as a bilayer quantum well of GaAs, or single-layer graphene at neutrality, the maximal possible symmetry is a full SU (2) symmetry rotating between identical orbitals in each layer. Such a symmetry is approximately present in single-layer graphene, in which the long-range part of the Coulomb interactions do not distinguish between the different sub-lattices, and hence the physics with this enlarged SU (2) symmetry may provide a reasonable description of single-layer graphene at intermediate energy scales.
The presence of SU (2) symmetry is known [46] to prevent the possibility of having a gapped symmetry preserving surface state in the corresponding two-Dirac cone SPT surface states of bilayer GaAs or single layer graphene (which has two valleys). Given the exact correspondence between the SPT surface states and the 2D systems with non-local symmetry, this symmetry enforced gaplessness also extends to the half filled twocomponent systems with SU(2) symmetry. Hence, the resulting phase must either be gapless correlated phase or break symmetry.
C. N = 4 with SO(5) symmetry
We conclude the discussion of higher symmetries by exploring the possibility of higher symmetries that can emerge in four-component LL systems. For example, the long-range part of Coulomb interactions in graphene and bilayer graphene does not distinguish between layer or valley, and exhibits a large SU (4) symmetry rotating among various quantum Hall ferromagnetic orders. This symmetry is broken at short-distances by lattice scale effects, but in certain regimes, e.g. achieved by tuning the in-plane and out-of-plane components of magnetic field to the phase boundary between antiferromagnetic and Kekule disorted phases, a large SO(5) subgroup of the full flavor symmetry may remain intact [12] [13] [14] [15] [16] . In this section we explore how, when combined with the nonlocal S symmetry, this enlarged SO(5) symmetry can protect gapless critical behavior related to that discussed in deconfined critical points between antiferromagnetic and valence-bond solid orders. [12] We first consider the surface of the corresponding U (1)×S topological insulator with four Dirac cones, with surface Hamiltonian:
where S : ψ a → iσ y ψ † a . Upon adding a magnetic field to this surface and going projecting into the zeroth Landau levels at half-filling, since the kinetic energy of the electrons are quenched. We begin by considering non-interacting mass terms that would gap out the zeroth Landau level, of the form ψ † a M ab σ y ψ b , with M ab a Hermitian matrix. There are 16 total such mass terms M ab , which decompose into an SO(5) singlet, M ab = δ ab , a 5-component SO(5) vector (fundamental representation): M ab ∈ Γ α = { τ η z , η x,y } where, α = 1, 2, . . . 5, and τ , η are Pauli matrices, and 10-component adjoint representations, Σ αβ = i Γ α , Γ β . The SO(5) symmetry excludes the latter 15 fundamental and adjoint terms as these transform nontrivially under symmetry. On the other hand, the singlet mass, ψ † σ y ψ, which would produce a trivial quantum Hall insulator, is not forbidden by the SO(5) symmetry, and is only ruled out by S symmetry.
Since bare mass terms are symmetry forbidden, the zeroth Landau level is highly degenerate at the singleparticle level, and interactions inherently dominate. A conceptually simple outcome that has been explored extensively theoretically [50, 51] and experimentally [52, 53] is that the exchange effects drive a spontaneous ordering into a quantum Hall magnet, by spontaneously forming a mass term. Without the SO(5) symmetry, the microscopic interactions can explicitly pick out a preferred ferromagnetic ordering direction out of the set of masses. However, the enhanced SO(5) symmetry rules out explicit anisotropies, e.g. of the form
with different strengths, V α , for different mass directions, and allows the quantum Hall magnetic ordering direction to freely fluctuate within the SO(5) vector manifold. To describe the resulting fluctuating quantum Hall ferromagnet, we can introduce non-linear sigma model (NLσM) for the fluctuating quantum Hall ferromagnet. Namely, we can decompose a generic density-density interaction term by introducing a five-component bosonic field n α :
The SO(5) symmetry requires r α to be independent of α and u α,β = u. The quantum Hall ferromagnet phase is described by a state in which one of the components of n α develops a non-zero expectation value. Alternatively, if quantum fluctuations in the direction of n are strong, spontaneous symmetry breaking may be avoided in lieu of a gapless quantum fluctuating state that preserves symmetry. Fixing the magnitude of n, but allowing its orientation to fluctuate, the fermionic modes will be gapped everywhere, and can be integrated out to yield the following topological non-linear sigma model [13, 15, 54] :
plus the constraint , where n(x 1,2,3 , x 4 ) interpolates between some fixed reference configuration at x 4 = 0, to the physical configuration at x 4 = 1. The presence of the topological term was previously derived by [13, 15] . In the present context, the appearance of this topological term is natural given the correspondence with the nontrivial SPT surface state. Thus we see that the combination of SO (5) and S symmetries can protect a critical state with gapless bosonic excitations. This state arose previously in studies of deconfined phase transitions between antiferromagnetic and valence-bond solid states. [12] The crucial difference with the present system is that strictly in 2d with a local anti-unitary symmetry S, one cannot have the theory (12) emerge with S acting as S : n α → −n α . However, the theory (12) with such a symmetry action may be realized in bilayer graphene [14] in the quantum limit with a non-local S symmetry.
IV. GENERALIZATIONS
Thus far we have discussed partially filled Landau levels that directly extend the particle hole symmetric half filled Landau level. In this section we identify a generalization of this construction to other symmetry classes and dimensions.
To recall, the half filled Landau level examples utilized free fermion topological band structures, with nontrivial Chern number (class A). Imposing particle hole symmetry by projecting to a single, half filled band and considering only two body interactions (i.e. flat dispersion) mapped this problem to the surface of 3D class AIII topological phases. The anomalous realization of particle hole symmetry, as a nonlocal symmetry in the projected bands, was key to the success of this procedure. Therefore we will choose to generalize this procedure by considering other topological band structures for fermions that we will choose to half fill, to obtain an anomalous particle hole symmetry. The necessary ingredients then are:
1. Without interactions, the system must posses a non-trivial topological band structure for the free fermions.
2. The system must possess a U(1) charge conservation symmetry to impose a fixed filling.
3. The topological nature of this band structure must not rely on a local particle-hole symmetry, since we will be placing the chemical potential in the center of the band rather than at the natural E = 0 (though an additional local particle-hole symmetry may be present at half-filling, as happens for graphene, it must not play a defining role in the band topology).
Given (1), the starting point is a free fermion band structure. For simplicity, we will restrict our attention to the 10 fold way classification of the subset of non-interacting fermion phases that incorporate only time reversal T and charge conjugation C symmetries, and will neglect the role of other on-site or crystalline symmetries. Incorporating point (2) above leaves us with just three symmetry classes A, AI and AII. We have already discussed class A, while class AI has topological band structures only in high dimensions d = 4, 6, 7, 8. Therefore we will focus on the physically interesting case of symplectic fermions (i.e. with half-integer spin, spin-orbit coupling, and time-reversal symmetry), AII, which has a well-known Z 2 classification of topological phases in d = 2, 3 -the electronic topological insulators. Electrons in class AII have conserved charge N F , and time reversal symmetry with T 2 = (−1) N F . Half filling an AII flatband imposes an additional particle hole symmetry S which is an anti unitary operator (when acting on many body states), defined by: Sc † rσ S −1 = c rσ . We can verify that the antiunitary nature of S is required by considering the transformation properties of the creation operator of a generic single particle orbital, n, ψ n = rσ φ n rσ c rσ , on which S acts as:
i.e. the anti-unitary operator S exchanges generic orbital creation and annihilation operators, and hence commutes with the Hamiltonian of the half-filled flat band. Half filling a topological flat band in the first set realizes the surface state of the corresponding topological phase in the second class, in one higher dimension. The cases studied in paper are indicated in bold face. In this section we focus on flat bands of the class AII topological insulators, in 2+1D and 3+1D (shown in red and blue). They map to the surface of topological phases of class CII in 3+1D and 4+1D.
Combining S with time reversal yields a unitary (in the many-body sense) particle-hole symmetry: C = ST , which satisfies C 2 = T 2 = (−1) N F . Therefore the resulting symmetry class has C 2 = T 2 = −1 which corresponds to the symmetry class CII. As a related example (for which there turn out to be only trivial phases in physically accessible dimensions), class AI has T 2 = +1, which, upon flattening, corresponds to the surface of class BDI in one higher dimension, for which C 2 = T 2 = +1. Before discussing possible phases of these models, let us note the following two points. First, one may wonder if there will always be a topological phase in the appropriate class in the higher dimension, when one considers half filled flat bands in the classes discussed above. Indeed this relation holds due to the shifting structure of phases in the free fermion 10-fold way classification. To summarize relevant examples with classification C d (X) in symmetry class X in d dimensions we have the relations:
A second question is, a necessary property for realizing the higher dimensional surface state in a flat band is that one should be able to disconnect the surface state from the bulk bands. Of course this can only occur in cases with particle hole symmetry, since otherwise one can simply move the chemical potential to a region without surface states, contradicting the basic assumption that free fermion topological phases must have gapless boundary modes. For previously discussed examples, this disconnection could be done simply by applying a magnetic field to split the surface into Landau levels. For time-reversal invariant classes, we will describe an alternative scheme for surface state detachment in Appendix C 1.
V. HALF FILLED TOPOLOGICAL INSULATOR FLAT BANDS
A. Two Dimensional Flat bands and 3D Topological Phases in Class CII
Microscopic Model of 2D TI Flat Bands
The key ingredient to obtaining a non-local particlehole symmetry was having a dispersionless (flat) topological band. In the previous examples based on multicomponent Landau levels, the flatness was readily obtained by applying an appropriate orbital magnetic field. However, in other examples, such as the timereversal symmetric topological insulator without any spin-conservation, there is no such vector potential that can achieve the desired flatness. However, even in these cases, one may still formally construct local models with exactly flat topological bands, via a different route [55] , which we will now describe. This construction can be directly implemented numerically, to simulate higher dimensional SPT surface states, and may also approximately describe physical materials in which interactions are much stronger than the single-particle bandwidth.
Consider a non-interacting tight-binding Hamiltonian H 0 = k c † ka H ab (k)c kb , where c ka annihilates an electron with momentum k and spin/orbital index a ∈ {1 . . . N }, and H(k) is an N ×N matrix with eigen-energies ε n (k) labeled by band index n, and corresponding wave-functions φ n ka . Suppose the band associated with eigenvalues n = 1 . . . r has a particular non-trivial (symmetry protected) topological invariant, ν, and is separated by an energy gap from those with n = r + 1 . . . N .
As a concrete example, let us consider the Kane-Mele model [56] of the 2D helical topological insulator (class AII), which consists of a time-reversed pair of Haldane's honeycomb models of a Chern insulator [57] , with opposite Chern number for opposite spin species, plus a Rashba spin orbit coupling term that preserves T while removing any unnecessary spin-conservation symmetry. This model has two orbitals, i = 1, 2, and two spin species σ =↑, ↓, such that the indices a = (i, σ) can take four values. The band structure has a two separate pairs of bands, which we will label n = 1, 2 and n = 3, 4. ε 1 (k)−ε 2 (k) (and similarly ε 3 (k)−ε 4 (k)) vanish at timereversal invariant momenta (k = −k + G for some reciprocal lattice vector, G), but the gap between the pairs remains non-zero everywhere, ε 34 (k) − ε 12 (k) > ∆. The orbitals of bands 1, 2, together, exhibit a non-trivial Z 2 topological invariant (similarly for those of 3, 4), and we may consider flattening this topological band.
Then, we may construct a flattened Hamiltonian [55] , formed from projection operators into the orbital basis spanned by the topological band:
The Hamiltonian H F has the following properties: H F contains a dispersionless zero energy band with nontrivial topological invariant ν, preserves the protecting symmetry, and is local (i.e. contains couplings that fall off exponentially in distance) [55] . On the face of it, one might suspect that the absence of a local (symmetry preserving) Wannier basis for the single particle wavefunctions φ n ka would prevent either the preservation of symmetry or the locality of H F . However, the absence of a symmetry preserving Wannier basis stems from an obstruction to forming a globally smooth phase for the wave-functions φ n ka . In contrast, the phase of the wavefunctions drop out of the projection operators Π (n) ( k), so that these projectors have a smooth, analytic k-space structure, and hence exponentially decaying real-space structure.
The Hamiltonian, H 0 F is invariant under the antiunitary particle-hole operation:
where |0 is the state with no electrons. Physically, the band-projection is a reasonable description when the inter-band gap E 0 greatly exceeds the interaction strength V .
Symmetry allowed interaction terms
We next ask: which interaction terms can be added to the flat-band Hamiltonian while preserving the nonlocal particle-hole symmetry? In the half-filled Landau level case, which was defined in a system with continuous translation invariance, any two-body interaction term, upon lowest LL projection, could be made to preserve S simply by tuning the uniform chemical potential to maintain half-filling. In the present case, due to the essential role of the lattice, only a subset of two-body interactions will be suitable. To identify potential S-preserving interaction terms, we first consider S-transformation properties of a generic local fermion bilinear, ρ ab (r) = c † ra c rb , after projection, Π, into the topological flat band:
Under the anti-unitary particle-hole transformation, S, this bilinear transforms as: 
i.e. is generically not invariant under S due to the second term.
The S-breaking effects of a given interaction V can be removed by considering the modified interaction, ρ
ab in H V , though, for the most general interactions such counter-terms will be very complicated and fine-tuned. However, for certain simple classes of interactions such as site-local density-density interactions, and in the presence of additional lattice symmetries, the counterterms required to preserve S-invariance amount merely to a simple uniform shift of the chemical potential.
To see a concrete example, let us again consider the Kane-Mele honeycomb model for the 2D AII TI described above, and restrict our attention to site-local densitydensity interactions, for which the interaction V decomposes as V ij,kl = V ik δ ij δ kl . For this model, there is a C 2 -rotation symmetry that exchanges the two sub-lattice sites of the honeycomb: i = 1 C2 ←→ 2. Then, the counterterm r,r
ii , just takes the form of an overall shift in the chemical potential.
To summarize, in this model, we may add any such density-density interaction while preserving the non-local S symmetry, simply by renormalizing the chemical potential to maintain half-filling. Therefore, while the Ssymmetry is not as robust as in the translationally invariant half-filled LL case, for which translation symmetry automatically fixes all two-body interaction terms to be S-invariant, there is nevertheless a broad class of interacting flat-band models with half-filled non-trivial AII bands which exhibit a non-local S symmetry, without fine tuning.
B. Surface State of 3D Class CII Topological Phase
Having shown that the topological insulator bands can be flattened and driven into a strongly interacting regime with non-local particle-hole symmetry, we now explore this system from the perspective of the higher dimensional surface state. For weak interactions, the surface state of the 3D class CII topological insulator, can be described by a pair of 2+1D Dirac fermions:
where σ and τ are independent sets of Pauli matrices, and the symmetries act like: T ψ = iσ y Kψ, and Cψ = iσ y τ x ψ † . Crucially, the charge-conjugation symmetry squares to minus one, C 2 ψ = (−1)ψ, which plays an essential role in ruling out the T -symmetric mass term mψ † τ x ψ. Adding this T -invariant, but C-breaking mass term gaps out the surface states, but with opposite 2D AII invariants for m > 0 and m < 0. Since m changes sign under C, we see that this surface state is in a sense, symmetrically tuned to the critical point between the 2D helical TI and trivial phases. Note further, that this is natural for a surface state that corresponds to a half-filled 2D AII TI band -which is also poised equally between TI and trivial.
Dual composite boson description
While we have started with a non-interacting description, since the 2D trivial and topological insulators remain distinct phases even in the presence of arbitrary symmetry preserving interactions, the intermediate critical point and hence the corresponding 3D surface state will also be stable to interactions as well, i.e. it cannot be gapped into a trivial insulating phase without breaking symmetry. Proceeding in a similar manner as above for other two-Dirac cone TI surface states, we may construct a dual description of this CII surface state, but examining the bulk electromagnetic duality via the surface-bulk correspondence. The symmetry properties of the bulk monopoles are identified in Appendix A. We note that in contrast to a previous study [46] , we find that the neutral bulk magnetic monopole transforms has C 2 = −1, and trivial S 2 . This bosonic monopole has a corresponding surface excitation -a 2π-flux bosonic vortex, which couples to an emergent U (1) gauge field and serves as the basis for a dual composite boson description of the CII Dirac surface state. The distinct anomalous feature of the composite boson is its transformation property under charge conjugation, C 2 = −1. While the dual description of the half-filled timereversal invariant topological insulator flat bands bears a close resemblance to that for the half filled quantum Hall bilayer, there is a key physical distinction. Namely, whereas dual composite bosons in the half-filled quantum Hall bilayer occur at finite density, those in the half-filled TI flat-band occur at zero density. This can be seen simply by symmetry considerations: the composite boson density is odd under time-reversal symmetry, and hence must be zero in a time-reversal invariant system. The energetics of the resulting systems may then be rather different. Namely, while finite density bosons will naturally condense to form a trivial particle-hole breaking quantum Hall ferromagnet, those at zero density may more easily form more exotic insulating states. Thus the resulting physics of these two half-filled flat bands may naturally form insulating states, that are necessarily exotic if they preserve symmetry. We leave a detailed study of the energetics for realistic interactions for future work, and instead explore which anomalous topologically ordered fractional states are in principle possible.
Anomalous topological order
As for previously discussed examples of two Dirac cone surface states with dual composite boson descriptions, the CII surface state (and hence also the half filled 2D TI band) may be driven by strong correlations into an anomalous Z 4 topological ordered state, which preserves the symmetries, but cannot be realized in a purely local 2D system. The detailed properties of this phase are derived in Appendix A from the point of view of phasedisordering the CII surface paired superfluid by condensing four-fold vortices. The key feature of the resulting Z 4 topological order, which makes it anomalous, is that the neutral bosonic generator of Z 4 differs by a neutral fermion compared to its C-conjugation partner.
C. Half-filled topological insulator in 3D -Anomalous Boundary state of a 4+1D topological phase Interestingly, the above construction identifying a correspondence between the 2D helical TI flat band and the 3D CII surface state works directly in one higher dimension. Namely, a half-filled 3D helical TI (symmetry U (1) T , class AII) flat-band exhibits a nonlocal particle-hole symmetry, C, and realizes the surface physics of a 4D TI with symmetry U (1) (C × T ) (class CII). This 4D TI again has a Z 2 band-invariant, and has surface states that may be detached from the bulk and flattened in the same manner as described above. This correspondence provides an interesting example where a non-local symmetry enables access to surface states of a topological insulator in an inaccessibly high spatial dimension.
The non-interacting 3D surface state of the 4D TI (class CII) has one (four-component) Dirac fermion:
where σ and τ are Pauli matrices. Time-reversal acts as T : ψ → iσ y ψ and the unitary charge conjugation acts as
† τ x ψ leads to either a trivial or topological insulator (class AII), depending on the sign of the mass parameter m. This theory can therefore be viewed as a critical point between a trivial and a topological insulator. Notice the equations take essentially the same form as the 2D surface state of the 3D TI (class CII), except the Hamiltonian contains an additional term ∼ p z σ z τ z . Notice that, unlike its lower dimensional counterpart, here, time-reversal symmetry is not crucial for protecting the Dirac fermions in Eq. (21) . In fact, the 3D surface state is protected (anomalous) as long as the U (1) C symmetry is preserved. The anomalous nature of this state can be understood as an easy-plane anisotropic version of the SU (2) Witten anomaly [17] . A simple way to understand the Witten anomaly with U (1) Z C 2 symmetry is as follows: suppose we add a C-breaking mass term
where m and θ are parameters. Under C we have θ → θ + π. It is also known that the 3D surface electro-magnetic Θ-angle, defined through the topological response term
is given by Θ = θ + Θ 0 where Θ 0 is a constant independent of θ. It follows that the nonlocal (anomalous) C symmetry shifts Θ → Θ + π. Similar relation holds for the gravitational Θ g -angle.
It is then obvious why such a theory is anomalous: if there were a trivial gapped surface state preserving the U (1) C symmetry, we would require Θ = Θ+π(mod 2π) (and likewise for Θ g ), which is impossible to satisfy. The free Dirac fermion evades this problem by being gapless, hence having no well-defined Θ-angle.
On the other hand, if the system develops an intrinsic topological order, with fractionalized excitations carrying fractional charge, the effective period of the Θ-angle can be reduced [58, 59] . Likewise if there exists fractionalized excitations that are charge-neutral fermions, the effective period of the gravitational Θ g -angle will also reduce to π [60] , enabling a gapped C-invariant fractionalized surface state. This implies that it may be possible to make the surface Dirac fermions gapped, by having intrinsic topological orders. We will construct such a gapped state below.
D. A 3D topological order for half-filled TI
To construct a gapped C symmetric topological surface state for the 4D CII topological insulator, and hence also its 3D flat band counterpart, we begin with a parton construction in which we fractionalize the electron operator into n charge e/n bosons and a neutral fermion:
This description contains a u(1) gauge redundancy generated by: b → e −iα b, f → e inα f , which is captured in the low energy effective theory as an emergent 3D gauge field, a. To reproduce the free fermion theory when the b are condensed into a superfluid, we will take an ansatz in which the f fermions form the surface Dirac fermion as in Eq. (21) . The low energy theory is then described by
where a is the dynamical gauge field generated from the parton decomposition, A is a background gauge field coupling to the physical electromagnetic U (1) symmetry current, and D na+A represents covariant derivative with gauge field na + A. If we further condense b = 0, then c ∼ f and we recover the free Dirac theory in Eq. (21) . But if we keep b gapped, we have a distinct surface state. A crucial point is that the theory in Eq. (25) is not necessarily well defined for all n. To see this, we will adopt a similar approach to that in [61] . Intuitively, because a µ is an emergent gauge field that lives purely within the 3D surface, it cannot be responsible for any anomalous properties extending from the bulk.
To test which fractionalization patterns result in a nonanomalous C-invariant action for a, let us re-run the argument below Eq. (22) within the parton description. Suppose we give the Dirac fermions a mass as in Eq. (22) . Then the C-operation, which inverts the mass, generates an extra term in the gauge field Lagrangian:
The first term, as discussed above, simply represents the anomalous response to an external electromagnetic field. The other two terms involve a µ , and therefore should be trivial (i.e. have the same charge/monopole lattice is a U (1) gauge theory in the trivial vacuum) if Eq. (25) is well defined. For the last term dada to be trivial, we need n to be even, else there is a topological magnetoelectric effect that produces half electric charge dyons. For the second term dadA to be trivial, we need n = 4k. The factor of four is somewhat subtle, since all dyons have integer charges for n = 2. However, the dyon statistics become transmuted from those of the conventional U (1) gauge theory in a trivial vacuum due to a Witten effect [62] in which a monopole of a µ acquires unit charge under A µ . This charge can then be neutralized by attaching an electron, but at the expense of switching the statistics of the monopole from bosonic to fermionic. This statistical transmutation shows that that the dadA term is anomalous for n = 2, but is absent for n = 4k. We note, in passing, that a formal way to summarize this argument is that a µ is an ordinary U (1) gauge field, while A µ is actually a spin c connection. Therefore the minimal parton decomposition in Eq. (25) that allows for C-symmetry is that with n = 4. To get a gapped phase, we can simply pair-condense the Dirac fermions by having
with ∆ = 0. Both the Dirac fermions ψ and the gauge field a µ acquires a gap from this pair condensate, so the entire system is in a gapped phase. The C and T symmetries are explicitly preserved. Therefore this construction gives a gapped symmetric phase. Since the condensate ψψ carries gauge charge q a = 8, the U (1) gauge symmetry is broken to Z 8 : the final state is a Z 8 gauge theory.
The fundamental gauge charge in the Z 8 gauge theory is represented by the b boson. The fermion pair condensate sets a µ = −A µ /4 at long wavelengths. Therefore the b boson, originally coupled minimally to a µ before the pair-condensate, now couples minimally to A µ as charge-1/4 object. This simply means that the gauge charge b carries physical charge 1/4.
Let us show how the existence of the charge-1/4 excitation reduces the periodicity of Θ such that Θ becomes equivalent to Θ + π, so that the gapped surface theory is compatible with C-symmetry. It suffices to show that Θ = π is trivial in the presence of the fractional bosons. For this, we examine the monopoles of A µ . The strength-1 monopole (q m = 1) acquires charge q e = Θ/2π = 1/2, which can be canceled by attaching a b 2 boson. Crucially, due to the existence of the charge-1/4 boson b, the q m = 1 monopole cannot exists on its own because it violates the Dirac quantization rule. It can exist, however, as the end point of a Z 8 gauge flux line -the violation of Dirac quantization then simply comes from the gauge flux in the flux line. Since the flux line has finite tension (energy cost proportional to length), the monopole is confined, and therefore does not have meaningful statistics or gauge charge. Similarly the q m = 2 monopole is also confined. The q m = 4 monopole, however, is not confined, and it is meaningful to ask about its statistics and gauge charge. Now the bare q m = 4 monopole has electric charge q m = 4Θ/2π = 2. This can be canceled by attaching a physical Cooper pair cc. Since the Cooper pair is bosonic and carries no Z 8 gauge charge, the neutralized q m = 4 monopole will also be bosonic and gauge-invariant. Therefore Θ = π is indeed trivial in the presence of the Z 8 gauge theory with charge-1/4 excitations.
The above argument also suggests that charge fractionalization is required for gapped phases of Witten anomaly with U (1) Z 2 symmetry. This means that if the symmetry is enhanced from U (1) Z C 2 to full SU (2) (corresponding to the original Witten anomaly), such topological orders cannot exist, because SU (2) symmetry cannot be fractionalized. The only option for a symmetric state is then to be gapless, like the free Dirac fermions. This is a three-dimensional analog of symmetry-enforced gaplessness first discussed in two dimensions in [46] .
We also notice that gapped phases for Witten anomaly with U (1) Z C 2 symmetry were first discussed in [63] , in which a Z 2 topological order was proposed. Our argument suggests that further fractionalization (for example, to Z 8 topological order) seems to be required.
VI. DISCUSSION
Generalizing the previously studied case of the halffilled Landau level, we have uncovered a number of examples of D-dimensional topological flat bands that exhibit a non-local particle hole symmetry when halffilled, enabling them to reproduce the anomalous surface state physics of a (D+1)-dimensional topological insulator surface state in one lower dimension. In cases where the (D+1)-dimensional surface state permits a non-interacting limit with two flavors of Dirac fermions, we identified a dual composite boson description of the half-filled topological band in terms of neutral vortices of the electron fluid. We also identified candidate symmetry preserving fractionalized phases for the half-filled topological flat bands, and explored their potential physical manifestations in multilayer quantum wells, and singleand bi-layer graphene in the quantum Hall regime. Finally, we constructed a general prescription for this type of "dimensional enhancement" of topological flat bands, and identified a 3D example that realizes the anomalous surface physics of a physically inaccessible 4D topological insulator. While we have explored several candidate systems based on general symmetry and anomaly grounds, an important future task will be to conduct a detailed study of the energetics of these phases within model Hamiltonians, and analyze whether and how exotic anomalous fractionalized phases may be realized and detected under realistic experimental conditions. Remark: For complementary work on multicomponent half-filled quantum Hall systems, developed in parallel to ours by Sodemann, Kimchi, Wang, and Senthil, see Ref. [64] which appeared simultaneously with this work.
and a gauge theory with bosonic matter fields z ± :
where A is the background probe gauge field, a, α are emergent dynamical gauge field, and D a denotes covariant derivative with gauge connection a. The term |z s | 4 is a short hand notation to denote that the z s bosons are tuned to the Wilson-Fisher fixed point. Following [27, 65, 66] , we derive this duality starting from a simpler duality known as (2 + 1)d bosonization. This bosonization duality states that a single Dirac fermion
is dual to
where A is the probe gauge field, z is a Wilson-Fisher boson and α is an emergent U (1) gauge field. Taking time-reversal conjugate of the above equation, it is easy to see that a single Dirac fermion is also dual to
It appears that Eq. (A4) and (A5) describe two different theories, but in fact they are simply two dual descriptions of the same theory. To see this, simply perform another boson-vortex duality on the z bosons in Eq. (A5) and we get
where the last line came from integrating out α. This action then has the same form as Eq. (A4). Therefore the z bosons in Eq. (A4) and (A5) are mutual vortices of each other. Now back to the two-flavor Dirac fermion Eq. (A1). We use the bosonization duality Eq. (A4) on ψ 1 and the time-reversed form Eq. (A5) on ψ 2 . Adding together the actions we get
Now redefine z 1 = z + , z 2 = z − , α 1 = α + In the main text we discussed how time-reversal symmetry should act as particle-vortex duality on the z ± bosons (also known as the self-duality of easy-plane CP In this Appendix, we derive an S-preserving topological order for the N = 2 bilayer assuming a U (1) 1 × U (1) 2 symmetry corresponding to conservation of particle number in each layer (here the subscripts 1 and 2 are meant to distinguish layers, and do should not be confused with the related notation for a U (1) Chern-Simons theory at level k). Actually, we will obtain the same Z 4 topological order as in section II B 3; however, now we will be able to determine the quantum numbers of anyons under both U (1) 1 and U (1) 2 . This will, in turn, tell us about the edge structure in the presence of U (1) 1 × U (1) 2 symmetry.
We begin by considering the layers as decoupled. In this case, each layer can develop a CT-Pfaffian topological order. In principle, such a (CT-Pfaffian) ⊗2 state is an acceptable S-symmetric topological order of the bilayer. However, we can obtain a simpler Abelian symmetry preserving state as follows.
Recall [2, 3, 24, 67] that CT-Pfaffian can be thought of as a subset of Ising×U (1) −8 . The anyons are 1 k , σ k and f k , where {1, σ, f } run over Ising charge and k = 0 . . . 7 labels the U (1) −8 charge. For even k only 1 k and f k are allowed, and for odd k -only σ k . The physical electric charge of the anyon is k/4. The physical electron c = f 4 . Under S, k → −k, so that 1 2 → f −2 , f 2 → 1 −2 . f 0 is a Kramers doublet under S. Now, we have two-copies of CT-Pfaffian: we will label the anyons {1 
2 -this is also a boson with q = (1/4, 1/4). The anyons e and v have mutual statistics +i. It turns out that the topological order of the condensed phase is just Z 4 × {1, c} with the electric and magnetic generators of Z 4 being e and v. This is the same topological order we found in section II B 3, however, now we know the quantum numbers of e and v under the layer U (1) symmetries.
What about the action of S-symmetry in the condensed phase? There are actually two options which are both possible:
where the superscript on c denotes the layer to which the electron belongs. Option 1 is the one we found in section II B 3 (and, in fact, ev 2 c 1 corresponds to the anyon m of that section). Option 2 is a different S-symmetric topological order of the bilayer. Now, we can ask about the edge states of the above phases. Since S-symmetry will be broken at the edge, the two options above will generally give rise to the same edge spectrum. A possible edge theory can be obtained by starting with the edge of (CT-Pfaffian) ⊗2 . Recall, that a CT-Pfaffian supports a right-moving c = 1 charged mode (corresponding to the U (1) −8 sector )with conductance 1/2 and a neutral left-moving c = −1/2 mode (corresponding to the Ising sector). Now, stacking the two CT-Pfaffians, we have two right-moving c = 1 modes, each carrying charge of the corresponding layer and two left-moving neutral c = −1/2 modes. After f 1 0 f 2 0 condensation, the two-left moving modes can be thought of as one neutral c = −1 mode. Other edge structures are possible, however, as long as there is no tunnelling between the layers at the edge, we cannot have a simple integer-quantum Hall edge, due to the bulk fractional Hall conductances σ In this Appendix, we deduce various properties of the 3D class CII TI, whose surface corresponds to the 2D time-reversal invariant TI (class AII), in the flat, halffilled limit. We begin by demonstrating that the surface states of this 3D TI, in the non-interacting limit, can be detached from the bulk states and flattened, which establishes the precise correspondence between the Hilbert space and Hamiltonian of the flat 3D TI surface band and flat lower dimensional band. We then examine the properties of magnetic monopoles in the bulk of the 3D CII TI, which, via the bulk-boundary correspondence, yields a dual composite boson description of the surface. Next, we derive the properties of vortices in the surface paired superfluid, which we then use to construct the Z 4 surface topological order.
1. Disconnecting the 3D class CII TI surface state from the bulk
In the main text, we have noted that 2D T -invariant topological insulators (class AII) have a 3D counterpart (class CII) with the same band classification, is Tinvariant, and also exhibits an extra extra particle-hole symmetry, S. To complete the explicit demonstration that flattening and half filling the 2D class AII TI band precisely corresponds to the surface state of this 3D class CII TI, we must show that the 3D surface state can be disconnected from the bulk bands and deformed into the flat band limit.
To this end, we begin with the conventional two Dirac cone surface state of the 3D class CII TI, which can be described by the Hamiltonian:
where σ and τ are independent sets of Pauli matrices, and the symmetries act like: T ψ = iσ y Kψ, and Cψ = iσ y τ x ψ † . Crucially, the charge-conjugation symmetry squares to minus one, C 2 ψ = (−1)ψ. We note that adding the C-breaking mass mψ † τ 1 ψ gaps out the surface states, but with opposite 2D AII invariants for m > 0 and m < 0. Since m changes sign under C, then we see that this surface state is poised on the boundary between the 2D helical TI and trivial phases -as expected for the half-filled helical TI flat-band. To demonstrate that this 3D CII surface state precisely corresponds to the TI flat bands, it only remains to show that we may detach the surface state bands from those of the bulk, and deform the surface dispersion to the flat-band limit.
We can detach the surface bands from the bulk using the following steps. First, consider the case that the surface bands meet the time-reversal invariant momenta (TRIM) points at the boundary of the surface Brillouin zone before running into the bulk (this can always be accomplished for sufficiently small velocity v). At a fixed boundary TRIM, there is a four-fold intersection of the surface states at energy E and another particle-hole conjugate set of 4 states at energy −E, and we may describe the surface Hamiltonian linearized near these points by
where δk is the deviation of momenta from the TRIM point, and η z is an additional Pauli matrix that distinguishes the band-indices of the ±E energy band touchings. We may then add the symmetry-allowed perturbation M ψ † τ 2 η 2 ψ, which opens a gap about the ±E points at the Brillouin zone edge, thereby separating the surface bands from those of the bulk. We may then freely deform the surface dispersion to contain a completely flat band lying at zero energy in the center of the bulk gap. The Hilbert space of the flat surface state band hence precisely corresponds precisely to that of that of the 2D helical TI band with the same Brillouin zone size.
Bulk Monopole
Consider beginning with the free fermion, double Dirac cone surface of the 3D class CII TI surface, Eq. C1, and inserting a magnetic monopole source from into the TI bulk from the vacuum. This corresponds to adding a vector potential A λ ( r) to the surface with S ∇× A·dn = 2π. In the presence of such a vector potential, the surface Dirac cone develops two complex fermionic zero modes with definite σ z = +1, and τ z = ±1, each of which has half electric charge.
Hence, the bulk monopole created when both of these modes are occupied or empty has electric charge ∓1. Then, to obtain a neutral bulk monopole we must bind it to an electron. Since the electrons of the class CII TI have C 2 = T 2 = −1, then the neutral monopole will also have C 2 = −1 inside the bulk. Note that C 2 is well defined on both electric and magnetic charges (since it cannot be changed by redefining C by a U(1) charge rotation of C) whereas T 2 is well defined only on electric charges (since it can by redefined by a magnetic U(1) rotation of T ).
To gain further confidence in the identification C 2 = (−1) nm , where n m is the monopole number, we first note that, in general, there are precisely two possible projective symmetry actions: the one proposed above, C 2 = (−1) nm , and the trivial action, C 2 = 1. Moreover, we can nail down which of these two options occurs by consider a charge-1 dyon in a trivial 3+1D bulk insulator, and adiabatically transforming the bulk into a nontrivial class CII TI along a route that sacrifices T symmetry but preserving C symmetry. Along the way, we will continuously turn on a θ angle that screens away the charge of the dyon, however the C 2 action is sharply quantized and cannot be altered. Hence the resulting (now neutral) monopole retains its initial C 2 = −1 property, as predicted above by more naive arguments. To be explicit, let us examine the adiabatic deformation of from trivial to CII TI along a time-reversal breaking path within the following 3+1D bulk model:
where λ are an extra set of Pauli matrices describing bulk orbital degrees of freedom. The trivial (vacuum) is described by m 1 > 0, and the class CII TI by m 1 < 0. The symmetry action is as follows: T acts as above, and C : ψ → −iσ x τ y λ y ψ † , which ensures that H bulk is Cinvariant while maintaining the above described transformation properties for the surface states (which are zero modes of a mass domain wall in m 1 ( r) = −m 0 sign(z)). To continuously tune the bulk between TI and trivial without closing the bulk gap, we may add an additional C-preserving, but T breaking mass: m 2 ψ † τ z ψ. We can view the resulting state as a pair of ordinary time-reversal protected TIs (class AII), one each for τ z = ±, which are protected from mixing by an additional C symmetry. Starting with a trivial insulator (m 1 = m > 0) we may continuously deform into a CII TI (m 1 = −m < 0) by breaking time reversal with m 2 , and dialing the θ = tan −1 (m 2 /m 1 ) angle for these two AII TIs from 0 to π, to while keeping fixed non-zero dynamical mass: m 2 1 + m 2 2 = m = 0. As these two θ angles are dialed from 0 to π any magnetic charge q m induces an electric polarization charge ∆q e = 2 × θ 2π q m → q m , completing the demonstration of the above argument.
This non-trivial C 2 = −1 value of the bulk monopole prevents one from trivially confining the bulk U (1) gauge theory along with its fermionic matter by condensing this monopole, unless one breaks C or T symmetry. Moreover, the surface excitation created by this bulk monopole will, like the monopole, be a charge-neutral bosonic with C 2 = −1, and is just the composite boson object with 2π vorticity of the electrons that form the building block of the dual description of the two Dirac cone surface state of the class CII TI.
The extra electron does not change the combined effect of C and T symmetry, since S 2 ≡ C 2 T 2 = (+1) for the fermions (note that while S 2 is ill-defined separate for the electron and the charge-one dyon, their combination, which is charge neutral, has well-defined S 2 , which may be computed from the separate S properties of electron and dyon in any convenient fixed gauge). Hence, the bulk neutral monopole of the CII TI has S 2 = +1. This result contrast that of a previous analysis of [46] , which predicted S 2 = −1. However, the S 2 = −1 bulk monopole is actually the defining of a different class of 3D TIs -chiral TIs in class AIII. In particular, the symmetries of class CII constrain the bulk band structure to have a trivial AIII invariant, such that the CII TI can be viewed as two opposite copies of AIII, protected from mixing by C-symmetry.
where ϕ = e iπ/4 . These modes are exponentially localized to the vortex core. Thus each vortex has two degenerate states, |v, ± labelled by fermion parity of the zero modes iγ + γ − = ±1.
While the vortex configuration breaks C and T , it preserves their combination S. Under S, the vortex core fermion states transform as S : γ ± → γ ∓ , so that the mass term iγ + γ − is symmetry allowed, and will generically be present, splitting the energies of the occupied and unoccupied vortex state. Thus there are two types of π vortices in the superfluid, which differ by a neutral fermionic quasiparticle. We denote these two vortex configurations as e 1 and m 1 respectively, where the subscript 1 refers to number of fluxes in units of π, and the e and m labels are chosen since these two objects are bosons, but differ by a neutral Bogolyubov quasiparticle and hence have mutual π statistics as for the electric and magnetic particles in a Z 2 gauge theory. Similarly, we will denote the two types of −π vortices as e −1 and m −1 . Note that, since the e and m vortices have opposite fermion parity of their core fermion modes, C, symmetry will exchange C : e 1 ↔ m −1 , and C : m 1 ↔ e −1 . Moreover, since S preserves e 1 and m 1 , T also interchanges T : e ±1 ↔ m ∓1 . Therefore, a given vortex, when fused with its C partner, leaves behind a neutral Bogolyubov quasiparticle.
Symmetry preserving surface topological order
Having worked out the properties of vortices in the surface superfluid, we may now readily construct the surface topological order by condensing the minimal vorticity excitation which has trivial symmetry properties. There are no suitable π vortex excitations that can be condensed while preserving symmetry. For example consider condensing e 1 . Since m −1 has mutual semionic statistics with e 1 (due to the difference in occupation of the core fermion mode), it is impossible to condense both e 1 and its C conjugated partner, m −1 , and hence the e 1 condensate breaks C symmetry. Identical reasoning rules out symmetry respecting condensates of the other π vortices. This obstacle is reassuring, since condensing π vortices would result in a trivial insulating phase with no fractionalized excitations, which at an SPT surface must require breaking the protecting symmetry.
What about 2π vortices? Bound states of two e 1 or two m 1 particles are topologically trivial bosonic objects, which we will collective denote I 2 (I denoting the topological trivial, or "identity" sector). However, these objects transform non-trivial under charge conjugation, having: C 2 = −1, as can be seen by the fact that inserting a neutral monopole into the bulk creates an I 2 particle in the surface superfluid, and since the bulk monopole has C 2 = −1 (see above), whereas the monopole in vacuum had trivial C 2 , the surface I 2 vortex must also have C 2 = −1. However, we see that the 4π vortices I 4 , made of two I 2 vortices, are bosonic and transform trivially under all symmetries, and hence may be condensed (in equal measure with their time-reversed partners I −4 . The result is a Z 4 topological order, with a neutral fermion f (the remnant of the Bogolyubov quasiparticles of the superfluid), the remnants of the π vortices, {e ±1 , m ±1 }, and a charge-1/2 boson that is 1/4 of the Cooper pairs of the superfluid and becomes a sharp deconfined quasiparticle in the quadruple-vortex condensate state. The f particle has mutual semionic statistics with the π fluxes, and b and e ± , m ± have mutual statistics θ b,e± = θ b,m± = e ±iπ/4 . Though the C 2 value of the I 2 vortex cannot be altered by a gauge transformation, assigning symmetry properties to an object that transforms to a topological sector I 2 → I −2 may make one uneasy. In this case, one can be reassured that an identical conclusion can be reached using the formalism of Barkeshli et al. [68] .
Under symmetry the f particle transforms just as the original electron, having C 2 = T 2 = −1. The half charge boson, b, transforms conventionally under symmetry (T acts trivially, C flips its charge and C 2 = 1). The most notable symmetry action, which captures the anomalous symmetry structure of the SPT surface, is that C, T : e ±1 ↔ m ∓1 .
